Abstract. We extend the Chern-Moser approach for hypersurfaces given in [9] to real submanifolds of higher codimension in complex space to derive results on jet determination for their automorphism group.
Introduction
The study of local CR equivalence of real hypersurfaces in C n+1 involves the assignment of different weights to different directions; in the case of a nondegenerate Levi form at a given point, the complex normal coordinate w is assigned the weight 2 while the complex tangential coordinates z j , j = 1, . . . , n, are assigned the weight 1 (see [7] ). More recently, in the case of finite multitype in the sense of Catlin [6] at a given point, w is assigned the weight 1 while the complex tangential coordinates z j , j = 1, . . . , n, are assigned (possibly different) rational weights µ j , in order to study the generalized Chern-Moser operator [7, 9] , whose kernel reflects the link between the weighted grading of aut(M H , p), the Lie algebra of the real-analytic infinitesimal CR automorphisms at p of the model M H of such a hypersurface M, and the weighted jet determination problem for Aut(M, p), the stability group of M.
In this paper, we consider the case of a smooth generic submanifold M ∈ C n+d of codimension d at a given point p of finite type m = (m 1 , . . . , m k ), in the sense of Kohn and Bloom-Graham [1, 5, 8] , where m 1 < · · · < m k are the Hörmander numbers. Using a result of [5] , we may assume that M is given in suitable holomorphic weighted coordinates (z, w) ∈ C n+d by (1) M = {Im w = P + . . . },
where P = (P 1 , . . . , P d ), and P j is a (non-zero) weighted homogeneous polynomial of degree m j with no pluriharmonic terms, and the dots are weighted terms > m j .
We address the question of extending the theory of the generalized ChernMoser operator to smooth generic submanifolds of higher codimension of finite type and show how to reduce the study of the weighted jet determination problem for Aut(M, p) to the study of the weighted grading of aut(M H , p), where M H is the model generic homogeneous submanifold associated to M given by (2) M H = {Im w = P }.
(See Theorem(3.10)). When m = (2), that is, when P = (P j ) is a ddimensional Hermitian form with all P j linearly independent, Beloshapka proved in ( [3] ) that any h = (f, g) ∈ Aut(M, 0) is uniquely determined by the following of 2-jets at 0
, } provided that P is nondegenerate as a Hermitian d-dimensional form. His proof is based on an exponential representation for the solutions of a system of differential equations with constant coefficients p(D)u = 0, where u = (u 1 , . . . , u s ) are unknown distributions and p(D) is a matrix whose elements are differential operators with constant coefficients.
As an application of Theorem (3.10), we show, as for the hypersurface case d = 1 [7] , that the second order complex tangential derivatives ∂ 2 f ∂z 2 (0) are not needed (see Proposition 4.3 and Corollary 4.6), while, unlike the hypersurface case [7] , the mixed derivatives ∂ 2 f ∂w∂z (0) are needed (see Example
5.4).
We also give an elementary proof of the result of Beloshapka in the case of codimension 2, using Theorem (3.10) and show how to construct explicitely the needed 2-jets given by (3).
The paper is organized as follows. In Section 2, we recall the notion of Bloom-Graham finite type and its basic properties. We also define the notion of model generic submanifold M H associated to M, and define the notion of weighted coordinates associated to M H . In Section 3, we show how to reduce the study of the weighted jet determination problem for Aut(M, p), the stability group of M, to the study of aut(M H , p), the set of real-analytic infinitesimal CR automorphisms of M H at p (see Theorem 3.10) . In Section 4, we prove results on aut(M H , p) (see Proposition 4.3) and we discuss the quadric model case. Section 5 is devoted to the consequences regarding finite jet determination problems.
Preliminaries
Let M ⊆ C n+d be a smooth generic submanifold of real codimension d > 1, and p ∈ M be a point of finite type m = (m 1 , . . . , m k ) in the sense of Kohn and Bloom-Graham [1, 5, 8] , where m 1 < · · · < m k are the Hörmander numbers, and l 1 , . . . , l k their multiplicities (and thus d = k j=1 l j ). Then there exist local holomorphic coordinates (z, w) vanishing at p, where z ∈ C n and w = (w 1 , . . . , w k ) ∈ C d with w j ∈ C l j such that, in these coordinates, M is described locally as the graph of a real vector valued smooth function ψ:
where P j are real vector valued polynomials of length l j satisfying some conditions of normalization. More precisely, setting z = x + iy and w = u + iv, we can assume the following properties:
• each one of the l j components of P j satisfies
• there are no terms that contain components P k,l in the component
• there are no terms of the form u
and the dots terms correspond to orders strictly bigger than m j in the formal Taylor expansion of ψ j .
We shall refer to coordinates in which the submanifold M take this form (4) as standard coordinates.
To make the computations easier, we assign natural weights to the variables z and w: the tangential variables z 1 , . . . , z n are given weight
, while the component variables of w j are given weight
where α, β, λ 1 , . . . , λ k are multi-indices and c αβλ = 0, is defined as
We obtain then the notion of weighted homogeneous polynomial.
Definition 2.2.
A polynomial Q(z,z, u) is said to be weighted homogeneous of weighted degree κ if it is a non-zero sum of monomials of weighted degree κ.
Remark 2.3. Note that according to this definition, P j is a vector valued weighted homogeneous polynomial of weighted degree
, while the dots are made of terms of weighted degree strictly bigger than (5) M H :
Example 2.5. Let M ⊆ C n+d be a smooth generic submanifold of real codimension d of finite type at p, with m 1 = 2 the only Hörmander number (of multiplicity d). This exactly means that M is described locally in a neighborhood of p = 0 by the equations
where A 1 , . . . , A d are linearly independant Hermitian matrices. In this case, the associated model submanifold is a quadric.
Note that standard coordinates are not unique, but all models are equivalent by a linear action as it is shown in the next lemma.
The basic identities
Definition 3.1. We denote by Aut(M, 0) the set of germs at 0 of biholomorphisms mapping M into itself and fixing 0.
, where g j (z, w) (resp. f ) is a sum of terms of weighted degree bigger or equal to m j m 1 (resp. bigger or equal to
Proof. The statement is obvious for f (z, w) and g 1 (z, w). Suppose now that the statement is true for g l (z, w), l < j, and suppose by contradiction that there is a term in g j (z, w) of minimal order of the form
. If a λ (0) = 0, this leads to a contradiction since one gets a term of the form
, which is not possible using the conditions of normalization and the induction. If a λ (0) = 0, then either we obtain a term of the form a λ (0)u
We decompose the formal Taylor expansion of ψ j , denoted by Ψ j , into weighted homogeneous polynomials Ψ j,ν of weighted degree ν,
Let h ∈ Aut(M, 0) given by (6) . Putting f = (f 1 , . . . , f n ), and g = (g 1 , . . . , g k ), we consider the mapping given by T = (f, g), and, again, decompose each power series f i and g j into weighted homogeneous polynomials f i,µ and g j,µ of weighted degree µ:
Since h ∈ Aut(M, 0), substituting (6) into v ′ = ψ(z ′ ,z ′ , u ′ ) we obtain the transformation formula
Expanding this equality we consider terms of weight µ > 1. We get that for all 1 ≤ l ≤ k,
2Re
where dots denote terms depending on f j, ν−1+
where
).
Proof. Using (7) and the definition of µ 0 , we obtain
Applying v − P to Y, and using (3), we obtain
Definition 3.6. We say that the vector field
) if F j is a weighted homogeneous polynomial of weighted degree µ + Remark 3.7. We write
where G µ consists of weighted homogeneous vector fields of weight µ. Note that each weighted homogeneous component X µ of X is in aut(M H , 0) if X ∈ aut(M H , 0).
Example 3.8. The vector fields W k,j , j = 1, . . . , l k , given by
Example 3.9. The vector field defined by
lies in G 0 . 
G µ
Then any h = (z + f, w + g) ∈ Aut(M, 0) given by (6) such that (f, g) µ = 0 for µ < µ 0 is the identity map.
Proof. Using Example 3.9, apply Proposition 3.5.
Description of aut(M H , 0).
Definition 4.1. We denote by G µ R the set of vector fields in G µ that are rigid, that is, whose coefficients depend only on z. 
Using (4), and in particular the fact that P mr does not contain pluriharmonic terms, we obtain that g l = 0. By assumption, we have
By the reality of P r , we may rewrite this as
Using (9), we obtain (10)
On the other hand, since P r is of weighted degree
, we have
First we claim that B α,α r are zero for all α,α, r. By contradiction, assume there is α,α, r, with B α,α r = 0. By assumption, |α| ≥ m r m 1 whereas |α| < m r m 1 , using (11). On the other hand, by (10), we obtain that there exists a nonzero term with weight in z less than m r m 1 , and inz greater than or equal m r m 1 .
That gives a contradiction, hence all B α,α r are zero. Therefore we obtain that X itself is complex tangent to M H , and since M H is holomorphically nondegenerate, X = 0.
Assume that M has only one Hörmander number, that is, m = (m 1 ): then
and we have the following lemma whose easy proof is left to the reader.
Lemma 4.4. Let M ⊂ C n+d be a smooth generic submanifold of codimension d that is of finite type at 0 in standard form with m = (m 1 ). Let Y ∈ G µ \ G µ R and let {W 1,j , j = 1, . . . , d} be given by (8) . For every 1 ≤ j ≤ d there exist an integer k j ≥ 0 and a vector field
, where the string of brackets is of length k j .
This leads to the following definition in the case m = (m 1 ).
We denote Y by D −(|k|) (X).
By now, we focus on the case when 2 is the only Hörmander number of M . Following Example 2.5, this means that the model submanifold is the following quadric:
with A 1 , . . . , A d linearly independent Hermitian matrices. Moreover, the condition
is satisfied if and only if there is no holomorphic tangent vector field to Q. Hence, following [4] , we deal with non-degenerate submanifolds. A direct application of Proposition 4.3 yields to Corollary 4.6. Assume that Q is non-degenerate: then G µ R = {0} for µ > 0.
Remark 4.7. Note that G 0 R = {0}, since the vector field
As it can be deduced from a formula given by Shevchenko [10] , we obtain more for d = 2: Theorem 4.8. Let Q be the quadric given by (12), and assume d = 2. If Q is nondegenerate, then
Proof.
• Suppose by contradiction that there exist X, Y ∈ G R 0 such that
Without loss of generality, we may assume that [X, Y ] = 0, since otherwise, we have
, which is not possible unless [X, Y ] = 0. Then, by assumption, we obtain the following equation
Using the fact that M is of finite type m = 2, this last equality leads to X(P ) = αP 2 , Y (P ) = βP 1 , α and β complex valued vectors.
Using the fact that [X, Y ] = 0, and the fact that M H is holomorphically nondegenerate, we obtain that X = Y = 0.
•
R be of the form
with a i ∈ C, and b i (z) linear. If Z 1 integrates, we obtain, after a possible permutation of the variables w 1 and w 2 , an equation of the form
R and X 1 is a rigid vector field of weight
exists, then we obtain, using the fact that P is a hermitian form, the following system
where X j are rigid vector fields of weight 1 2 . It is not hard to see that since P 1 and P 2 are linearly independent, the only solution to the system (15) is the trivial solution. Hence, using Corollary(4.6) and (14), the following system of equations holds
R . Using (16), we conclude that Z 1 (P ) = 0, and hence Z 1 = 0, which gives the contradiction.
• By integrating W 1 = ∂ ∂w 1 , we obtain an equation of the form
where A is a nonzero 2 × 2 real matrix, and X 1 is a rigid vector field of weight 0. Using the Euler field, we conclude that (17) holds (with
, we obtain a nontrivial equation of the form
But this is not possible by assumption of finiteness.
Finite jet determination results
Let h = (z + f, w + g) ∈ Aut(M, 0) be given by (6) . If M H is holomorphically non degenerate, then there exist N 1 , N 2 , N 3 such that h is uniquely determined by the following set of derivatives [2] 
When M is a nondegenerate submanifold, we get a more precise result in the light of Corollary 4.6: Corollary 5.2. Let M ⊂ C n+d be a smooth generic submanifold of codimension d that is of finite type m = (2) at 0. If Q is holomorphically non degenerate, then any h = (z + f, w + g) ∈ Aut(M, 0) is uniquely determined by the following partial derivatives
• the first complex tangential derivatives ∂f j ∂z k , j, k = 1, . . . , n,
• the mixed derivatives ∂ 2 f j ∂w l ∂z k , j, k = 1, . . . , n, l = 1, . . . , d,
• the first and second order normal derivatives ∂f j ∂w l , ∂g u ∂w l , ∂ 2 g u ∂w s ∂w l , j = 1, . . . , n, u, l, s = 1, . . . , d.
If d = 2, the mixed derivatives ∂ 2 f j ∂w l ∂z k , l = 1, 2, k = 1, . . . , n, are not needed.
We may compare this result with the Theorem obtained by Beloshapka [3] , in which the second order complex tangential derivatives ∂ 2 f j ∂z k
2
, j, k = 1, . . . , n are also needed.
Remark 5.3. Note that if d = 1, Chern Moser's Theorem [7] shows that the mixed derivatives ∂ 2 f j ∂w∂z k , j, k = 1, . . . , n, are never needed, that is 
